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Abstract. We addressthe problem of an e±cient rewriting strategy for
general term rewriting systems. Several strategies have been proposed
over the last two decadesfor rewriting, the most e±cient of all being
the natural rewriting strategy [7]. All the strategies so far, including
natural rewriting, assumethat the given term rewriting system is left-
linear and constructor-based. Although these restrictions are reasonable
for some functional programming languages, they limit the expressive
power of equational languages, and they preclude certain applications
of rewriting to equational theorem proving and to languagescombining
equational and logic programming. In this paper, we propose a conser-
vativ e generalization of natural rewriting that doesnot require the rules
to be left-linear and constructor-based. We also establish the soundness
and completenessof this generalization.

1 In tro duction

A challenging problem in modern programming languagesis the discovery of
sound and complete evaluation strategies which are: (i) optimal w.r.t. someef-
¯ciency criterion, (ii) easily implementable, and (iii) applicable for a large class
of programs.

The evaluation strategiesfor programming languagesso far, can be classi¯ed
into two classical families: eager strategies (also know as innermost or call-by-
value) and lazy strategies (also know asoutermost or call-by-need). The choiceof
the strategy can have a big impact on performanceof programming languages:
for instance, lazy rewriting typically needsmore resourcesthan eagerrewriting
[14], but the former improves termination of the program w.r.t. the latter. To
de¯ne a lazy rewriting strategy, we have to de¯ne what a neededcomputation
is and also have to provide an e±cient procedure to determine whether some
computation is needed.These two problems were ¯rst addressedfor rewriting
in a seminal paper by Huet and Levy [11], where the strongly needed reduction
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strategy was proposed.Several re¯nements of this strategy have beenproposed
over the last two decades,the most signi¯cant onesbeing Sekar and Ramakr-
ishnan's parallel needed reduction [15], and Antoy, Echahedand Hanus' (weakly)
outermost-needed rewriting [1,2,3]. Recently , (weakly) outermost-neededrewrit-
ing has been improved by Escobar by means of the natural rewriting strategy
[7,8]. Natural rewriting is based on a suitable extension of the demandedness
notion associated to (weakly) outermost-neededrewriting; see[4] for a survey
on demandednessin programming languages.Moreover, the strategy enjoys good
computational propertiessuch assoundnessand completenessw.r.t. head-normal
forms, and it preserves optimalit y w.r.t. the number of reduction steps for se-
quential parts of the program.

A typical assumptionof the above rewriting strategies,including the natural
rewriting strategy, is that the rewrite rules are left-linear and constructor-based.
These restrictions are reasonablefor some functional programming languages,
but they limit the expressive power of equational languagessuch as OBJ [10],
CafeOBJ [9], ASF+SDF [16], and Maude [6], where non-linear left-hand sides
are perfectly acceptable.This extra generality is also necessaryfor applications
of rewriting to equational theorem proving, and to languagescombining equa-
tional and logic programming, since in both casesassumingleft-linearit y is too
restrictiv e. Furthermore, for rewrite systemswhosesemantics is not equational
but is instead rewriting logic based,such as rewrite rules in ELAN [5], or Maude
system modules, the constructor-basedassumption is unreasonableand almost
never holds.

In summary, generalizingnatural rewriting to general rewriting systemswill
extend the scope of applicabilit y of the strategy to more expressive equational
languagesand to rewriting logic basedlanguages,and will open up a much wider
rangeof applications. In the following, wegive the readera ¯rst intuitiv eexample
of how the generalizednatural rewriting strategy will work.

Example 1. Consider the following TRS for proving equality of arithmetic ex-
pressionsbuilt using division (¥ ), modulus or remainder (%), and subtraction
(¡ ) operations on natural numbers.

(1) 0 ¥ s(N) ! 0 (5) M ¡ 0 ! M
(2) s(M) ¥ s(N) ! s((M¡ N) ¥ s(N)) (6) s(M) ¡ s(N) ! M¡ N
(3) M % s(N) ! (M¡ s(N)) % s(N) (7) X ¼ X ! True
(4) (0 ¡ s(M)) % s(N) ! N ¡ M

Note that this TRS is not left-linear becauseof rule (7) and it is not constructor-
basedbecauseof rule (4). Therefore, it is outside the scope of all the strategies
mentioned above. Furthermore, note that the TRS is neither terminating nor
con°uent due to rule (3).

Consider the term3 t1 = 10! ¥ 0. If we only had rules (1), (2), (5) and (6),
the natural rewriting strategy [7] would be applicable and no reductions on t1

3 The subterm 10! represents factorial of 10 but we do not include the rules for !
becausewe are only interested in the fact that it has a remarkable computational
cost, and therefore we would lik e to avoid its reduction whenever possible.
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would be performed,sincet1 is a head-normalform. In contrast, the other strate-
giesmentioned above, for example,outermost-neededrewriting, would force the
evaluation of the computationally expensive subterm 10! (see[7, Example 21]).
Hence,we would like to generalizenatural rewriting to a version that enjoys this
optimalit y and that can also handle non-left-linear and non-constructor-based
rules such as (7) and (4).

Now, considerthe term t2 = 10! % (1 ¡ 1) ¼ 10! % 0. We would like the
generalizednatural rewriting strategy to perform only the optimal computation:

10! % (s(0) ¡ s(0) ) ¼ 10! % 0
! 10! % (0 ¡ 0) ¼ 10! % 0
! 10! % 0 ¼ 10! % 0 ! True

that avoids unnecessaryreduction of the subterm 10! % 0 at the ¯nal rewrite
step, and also avoids reductions on the computationally expensive term 10!
during the whole rewrite sequence.

Sincenatural rewriting [7] usesa more re¯ned demandednessnotion for re-
dexesin comparisonwith other strategiessuch asneededrewriting [1,3], it leads
to a very e±cient lazy evaluation strategy. In this paper, we proposea conserva-
tiv e generalizationof this demandednessnotion that drops the assumptionsthat
the rewrite rules are left-linear and constructor-based,while retaining soundness
and completenessw.r.t. head-normal forms.

After somepreliminaries in Section 2, we present our generalizationof natu-
ral rewriting strategy in Section 3, and formally de¯ne its properties. We show
soundnessand completenessof the generalized rewrite strategy w.r.t. head-
normal forms. In Section 4, we further re¯ne the strategy to obtain a more
optimal one, without loosing the soundnessand completenessproperties. Fi-
nally, we concludein Section 5.

2 Preliminaries

For a binary relation R µ A £ A, we denoteits re°exive and transitiv e closureby
R¤. An element a 2 A is an R-normal form, if there exists no b such that a R b.
We say that b is an R-normal form of a (written aR ! b), if b is an R-normal form
and a R¤b.

We assumea ¯nite alphabet (function symbols) F = f f ; g; : : :g, and a count-
able set of variablesX = f X; Y; : : :g. We denotethe set of terms built from F and
X by T (F ; X ). We write Var (t) for the set of variables occurring in t. A term is
said to be linear if it hasno multiple occurrencesof a singlevariable. We let ¯nite
sequencesof integersto denoteaccesspaths in a term, and denotethe set of posi-
tions of a term t by Pos(t). Given a set S µ F [ X , PosS (t) denotespositions in
t where symbols in S occur. We write Posf (t) as a shorthand for Posf f g(t). We
denote the root position by ¤ . Given positions p;q, we denote its concatenation
as p:q and de¯ne p=q = p0 if p = q:p0. Positions are ordered by the standard
pre¯x ordering · . We say p and q are disjoint positions and write p k q, if p 6· q
and q 6· p. For setsof positions P; Q we de¯ne P:Q = f p:q j p 2 P ^ q 2 Qg. We
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write P:q as a shorthand for P:f qg and similarly for p:Q. The subterm of t at
position p is denoted as tjp, and t[s]p is the term t with the subterm at position
p replacedby s. We de¯ne tjP = f tjp j p 2 Pg. The symbol labeling the root of
t is denoted as r oot(t). Given a set of positions P, we call p 2 P an outermost
position in P if there is no q 2 P such that q < p.

A substitution is a function ¾: X ! T (F ; X ) which mapsvariablesto terms,
and which is di®erent from the identit y only for a ¯nite subset Dom(¾) of X .
We denote the homomorphic extension of ¾ to T (F ; X ) also by ¾. The set of
variables intro duced by ¾ is Ran(¾) = [ x 2D om (¾) Var(¾(x)). We denote by id
the \iden tit y" substitution: id(x) = x for all x 2 X . Terms are ordered by the
preorder · of \relativ e generality", i.e. s · t if there exists ¾ s.t. ¾(s) = t.
Similarly, a substitution ¾is said to be more general than µ, denoted by ¾· µ,
if there is ° such that µ = ° ± ¾.

A rewrite rule is an ordered pair (l ; r ) of terms, also written l ! r , with
l 62X . The left-hand side (lhs) of the rule is l , and r is the right-hand side (rhs).
A TRS is a pair R = (F ; R) where R is a set of rewrite rules. L (R) denotes
the set of lhs's of R . A TRS R is left-linear if for all l 2 L (R), l is a linear
term. Given R = (F ; R), we take F as the disjoint union F = C] D of symbols
c 2 C, called constructors, and symbols f 2 D, called de¯ned symbols, where
D = f r oot(l ) j l ! r 2 Rg and C = F ¡ D. A pattern is a term f (l1; : : : ; lk )
where f 2 D and l i 2 T (C; X ), for 1 · i · k. A TRS R = (C ] D; R) is a
constructor system (CS) if every l 2 L(R) is a pattern.

A term t rewrites to s at position p 2 Pos(t) using the rule l ! r 2 R,
written t ! hp;l ! r i s (or simply t

p
¡ ! s or t ! s), if t jp = ¾(l) and s = t[¾(r )]p.

The pair hp; l ! r i is called a redex; and often, we also refer to the subterm tjp
in t as a redex. A term t is a head-normal form, or root-stable, if it cannot be
reduced to a redex, i.e. there are no t0; t00 such that t ! ¤ t0 ¤¡ ! t00. We denote
by >¤¡ ! a rewrite step at a position p > ¤ , and thus by >¤¡ ! ¤ a sequenceof
rewrites all of which occur at positions p > ¤ .

A sequential rewrite strategy S for a TRS R is a subrelation S! R µ! R . More
generally, a rewrite strategy is de¯ned to be a subset of all possiblerewrite se-
quences[13], but we are only concernedwith sequential strategies.Furthermore,
we are only concernedwith root-normalizing rewrite strategies [13], and there-
fore we are interested in the following correctnessand completenesscriteria for
S:

1. (Correctness) If a term t is a S! R -normal form, then t is root-stable.

2. (Completeness) If t ! ¤
R s, then 9s0 s.t. t S! ¤ s0, r oot(s0) = r oot(s) and

s0 >¤¡ ! ¤
R s.

3 Generalizing Natural Rewriting

As mentioned earlier, we are interested in rewrite strategiesfor computing head-
normal forms of a given term. If a term t is not root-normal; then we know that
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after a (possibly empty) sequenceof rewrites at positions other than the root,
a rule l ! r can be applied at the root. We are interested in a strategy that
performs only those rewrites that are essential for the rule l ! r to be applied
at the root.

De¯nition 1. For a term s and a set of terms T = f t1; : : : ; tn g we say that s
is a context of the terms in T if s · t i for all 1 · i · n. It is the casethat there
is a least general context s of T, i.e. for any other context s0 we have s · s0;
further s is unique up to renamingof variables.For 1 · i · n let the substitution
¾i be such that ¾i (s) = t i and Dom(¾i ) µ Var (s). We de¯ne the set Pos6= (T)
of disagreeing positions between the terms in T as p 2 PosX (s) such that there
is an i with ¾i (sjp) 6= sjp.

Example 2. Considerthe set of terms T = f 10! % (1 ¡ 1) ; 10! % 0g borrowed
from Example 1. The least general context of T is the term s = 10! % Z and
the set of disagreeingpositions betweenterms in T is Pos6= (T) = f 2g.

De¯nition 2 (Demanded positions). For terms l; t let s be the least general
context of l and t, and let ¾ be the substitution such that ¾(s) = l . We de¯ne
the set of demanded positions in t w.r.t. to l as

DPl (t) =
[

x 2V ar (s)

if ¾(x) =2 X then Posx (s) elseQ:Pos6= (t jQ )
where Q = Pos¾¡ 1 (¾(x )) (s)

Let us dissect the de¯nition above. Intuitiv ely, the set DP l (t) returns a set
of positions in t that necessarilyhave to be \changed" for the rule l ! r to
be applied at the root position, i.e., for l to be able to match the term under
consideration. Suppose,s is the least general context of l and t, and ¾ is such
that ¾(s) = l . Note that for every non-variable position p in s, it is the casethat t
and l have the samesymbol at p. Now, if ¾mapsa variable x 2 Var(s) to a non-
variable term, then t and l disagree(have a di®erent symbol) at every position
p 2 Posx (s); this is a consequenceof the fact that s is the least generalcontext
of l and t. The other caseis wherea variable x 2 Var(s) is mapped to a possibly
non-linear variable of l . In this case,consider the positions of all the variables
in s that are mapped to the samevariable as x, namely Q = Pos¾¡ 1 (¾(x )) (s).
Now, l matchest only if all the terms in tjQ are identical. Thus, we compute the
disagreeingpositions Pos6= (t jQ ), if any, and add Q:Pos6= (t jQ ) to the set DP l (t).
Finally, note that when l · t, it is the casethat l is the least generalcontext of
l and t, and DP l (t) = ? .

Example 3. Consider the left-hand side l = X ¼ X and the term
t2 = 10! % (1 ¡ 1) ¼ 10! % 0 of Example 1. The least general context of
l and t2 is s = W¼ Y. Now, for ¾ = f W7! X; Y 7! Xg, we have ¾(s) = l.
While computing DP l (t2), we obtain the set of disagreeingpositions between
the subterms in t2 corresponding to the non-linear variable X in l , i.e. the set
Pos6= (10! % (1 ¡ 1) ; 10! % 0) = f 2g. Thus, DP l (t2) = f 1; 2g:f 2g = f 1:2; 2:2g.
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Note that the symbol at a position p 2 DP l (t) in t can be changed by not
only a rewrite at p, but also by a rewrite at a position q < p. Thus, besides
considering the positions in DP l (t) as examinable, we also needto consider the
positions q in t that are above someposition in DP l (t). However, we only need
to considerthosepositions q at which t hasa de¯ned symbol, becauseotherwise
a rewrite can never be performed at q without ¯rst changing the symbol at q.
Thus, for a position q in a term t, we de¯ne the set of de¯ned positions above
q as D "

t (q) = f p j p · q ^ p 2 PosD (t)g. We lift this to sets of positions as
D "

t (Q) = [ q2 Q D "
t (q). Finally, note that for constructor-basedTRS such asthose

consideredby the natural rewriting strategy of [7], we have D "
t (Q) µ Q.

Example 4. Consider the TRS in Example 1, the term

t = 0 ¥ s(10!) ¼ 0 ¥ s(s(10!))

and the rule l = X ¼ X ! True. We have DP l (t) = f 1:2:1; 2:2:1g, and the
subterms at positions 1:2:1 and 2:2:1 should be identical for the above rule to
be applied at the root position. Now, reductions in only the subterm 10! at
position 1:2:1 would never result in s(10!) , which is the subterm at position
2:2:1, and vice versa. The right reduction sequenceleading to constant True is
the one reducing the symbols ¥ above the demandedpositions 1:2:1 and 2:2:1:

0 ¥ s(10!) ¼ 0 ¥ s(s(10!))
! 0 ¼ 0 ¥ s(s(10!)) ! 0 ¼ 0 ! True

The essential idea behind our natural rewriting strategy is to compute a
needed set of redexesNRR (t) such that for any root stable term t0 that t can
be reducedto, there is a reduction sequencet

q
¡ ! l ! r ! ¤ t0 that beginswith a

redex hq; l ! r i 2 NRR (t). Then the strategy can consideronly those reduction
sequencesfrom t that begin with a redex in NRR (t), and still be able to ¯nd all
the head-normal forms of t.

De¯nition 3 (Needed set of redexes). We de¯ne the needed set of redexes
of a term t w.r.t. TRS R as

NRR (t) = fh¤ ; l ! r i j l 2 L (R) ^ l · tg [
[

q2 SP R ( t )nf ¤ g

q:NRR (t jq)

where for a set of redexesS, we de¯ne q:S = fhq:p; l ! r i j hp; l ! r i 2 Sg, and

SPR (t) =
[

l 2 L (R )^ l · t

D "
t (PosX (l )) [ D "

t (
[

l 2 L (R )^ l 6·t

DPl (t) )

The set NRR (t) is recursively computed as follows. Whenever l · t for a rule
l ! r , the redex h¤; l ! r i is included in NRR (t). When l 6· t, we recursively
compute NRR (t jq) for each position q 2 D "

t (DPl (t)). The case l · t has an
additional subtlety; speci¯cally, in this case,we alsohave to recursively compute
NRR (t jq) for the positions q in t that have a de¯ned symbol and that are above
a variable position in l . This is necessaryfor the strategy to be complete, as
illustrated by the following example.
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Example 5. Consider the TRS

(i) first(pair(X,Y)) ! X (ii) pair(X,Y) ! pair(Y,X)

and the term t = first(pair(a,b)) . Supposewe simply de¯ne

SPR (t) = D "
t ([ l 2 L (R )^ l 6·t DPl (t))

Then NRR (t) = fh¤; (i )i g, and the only rewrite sequencestarting from t and
beginning with a redex in NRR (t) would be

first(pair(a,b)) ! a

But the term t can also be reducedto the head-normal form b as follows

first(pair(a,b) ) ! first(pair(b,a)) ! b (*)

Hence, although the left-hand side of rule (i) matches t, for the strategy to
be complete, we also have to consider the subterm pair(a,b) of t at position
1 (which is above variable positions 1.1 and 1.2 in the left-hand side of rule
(i)), and recursively compute NRR (pair(a,b) ). Then we will have NRR (t) =
fh¤; (i )i ; h1; (ii )i g, which enables us to account for the rewrite sequence(¤)
above.

From now on, while displaying the sets NRR (t) in examples,we will omit
the rule l ! r in a redex h¤; l ! r i and simply write h¤ i , whenever there is no
scope for ambiguit y about the rule.

Example 6. Consider again the following term from Example 1:

t2 = 10! % (1 ¡ 1) ¼ 10! % 0

and considerthe computation of NRR (t2). Sincet2 is not a redex, we have that
NRR (t2) = [ q2 SP R ( t 2 )nf ¤ gq:NRR (t2jq). Consider now SPR (t2). Sincet2 is not a
redex, we have SPR (t2) = D "

t 2
([ l 2 L (R )^ l 6·t DPl (t2)). Now, from Example 3, we

have that DP l (t2) = f 1:2; 2:2g for the rule l = X ¼ X and DP l 0(t2) = f ¤ g for
any other rule l0 in R. So then, D "

t 2
([ l 2 L (R ) DPl (t2)) = f ¤ ; 1; 2; 1:2g where the

position 2:2 hasbeenremoved sinceit is not rooted by a de¯ned symbol. Hence,
we have that NRR (t2) = 1:NRR (t2j1) [ 2:NRR (t2j2) [ 1:2:NRR (t2j1:2).

First, we consider NRR (t2j1:2). Subterm 1 ¡ 1 at position 1:2 is a redex
and thus h¤ i 2 NRR (t2j1:2). Furthermore, SPR (t2j1:2) n f ¤g = ? becauseall
symbols under root position in 1 ¡ 1 are constructor symbols. Thus, we have
NRR (t2j1:2) = f h¤ i g.

Now, we considerNRR (t2j1). The subterm 10! % (1 ¡ 1) is not a redex,and
thus NRR (t2j1) = [ q2 SP R ( t 2 j1 )nf ¤ gq:NRR (t2j1:q). Now considerSPR (t2j1). Since
10! % (1 ¡ 1) is not a redex,wehaveSPR (t2j1) = D "

t 2 j1
( [ l 2 L (R )^ l 6·t DPl (t2j1) ).

Now we considerDP l (t2j1) and DP l 0(t2j1) for left-hand sidesl = M % s(N) and
l0 = (0 ¡ s(M)) % s(N) ; note that DP l 00(t2j1) = f ¤ g for any other rule l00 in
R. Then, we have DP l (t2j1) = f 2g and DP l 0(t2j1) = f 1; 2g and we can conclude
NRR (t2j1) = 1:NRR (t2j1:1) [ 2:NRR (t2j1:2). Now, this implies that we have to
compute recursively NRR (t2j1:1) and NRR (t2j1:2). Now, NRR (t2j1:2) wasalready
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computed before, and the reader can check that NRR (t2j1:1) = fh¤ i g. So, we
can concludeNRR (t2j1) = f h1i ; h2i g.

Now, we consider NRR (t2j2). Subterm 10! % 0 is not a redex, thus
NRR (t2j2) = [ q2 SP R ( t 2 j2 )nf ¤ gq:NRR (t2j2:q). But using a similar reasoningthat
in the previous term t2j1, we can concludeNRR (t2j2) = f h1i g. Putting every-
thing together, we have that NRR (t2) = fh1:1i ; h1:2i ; h2:1i g.

The following is a property of NRR (t) that will be useful later on.

Remark 1. If hq; l ! r i 2 NRR (t) and p · q:q0 for q0 2 D "
t (PosX (l )), then

p:NRR (t jp) µ NRR (t).

We are now ready to formally de¯ne the natural rewriting strategy.

De¯nition 4 (Natural rewriting). We say term t reduces by natural rewrit-
ing to term s, denoted by t m! hp;l ! r i s (or simply t m! s) if t ! hp;l ! r i s and
hp; l ! r i 2 NRR (t).

Example 7. Continuing Example 6, we have three possible natural rewriting
steps from the term t2: (i) a rewriting step reducing the subterm 1¡ 1 at po-
sition 1:2, (ii) a rewriting step reducing the subterm 10! at position 1:1, and
(iii) a rewriting step reducing the subterm 10! at position 2:1. The last two
rewriting steps are undesirable and unnecessaryfor obtaining the normal form
True, as shown in Example 1. Using the further re¯nements to the natural
rewriting strategy presented in Section4, we will be able to avoid reducing these
unnecessaryredexes.

It is worthy to note that although somere¯nements are still necessaryto ob-
tain the rewrite strategy we want, we are already able to avoid someunnecessary
rewrite steps,as shown in the following example.

Example 8. Consider Example 1 and the term t = 0 ¥ s(10!) . The term is a
redex, so we have NRR (t) = f h¤ i g [ [ q2 SP R ( t )nf ¤ gq:NRR (t jq). Now consider
SPR (t). Since t is a redex but the only de¯ned symbol is at root, we have
SPR (t) = D "

t ( [ l 2 L (R )^ l 6·t DPl (t) ). Now, we have that DPl (t) = ? for l =
0 ¥ s(M), DPl 0(t) = f 1g for l0 = s(M) ¥ s(N) , and DPl 00(t) = f ¤ g for any
other rule l00 in R. Then, SPR (t) = f ¤ g, since position 1 corresponds to a
constructor, and therefore NRR (t) = f h¤ i g. So, our natural rewriting strategy
performs only the sequence:0 ¥ s(10!) ! 0 and avoids any reduction on the
computational expensive term 10! .

In the remaining part of this section, we show that the natural rewriting
strategy de¯ned above, satis¯es the correctnessand completenesscriteria w.r.t
to head-normal forms, that are described in Section 2.

Theorem 1 (Correctness). If a term t is a m! -normal form, then t is root-
stable.
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Proof. By structural induction on t. Consider jt j = 1. If t 2 X or t 2 C, then t
is obviously root-stable. Consider t = f 2 D. SinceNRR (t) = ? , by De¯nition
3, there is no lhs rooted by symbol f and the conclusionfollows.

Consider jt j > 1. We are done if for each rule l ! r 2 R we show that (i) t is
not a redex and (ii) for each p 2 D "

t (DPl (t)) the term tjp is root-stable. The idea
behind (ii) is that before a rule l ! r 2 R can be applied at the root position
in t, the demandedpositions betweent and l have ¯rst to be \changed," which
is possibleonly via reductions at somep 2 D "

t (DPl (t)). Now, (i) is clear from
the fact that NRR (t) = ? , and (ii) follows by the induction hypothesis,because,
NRR (t) = ? implies NRR (t jp) = ? by De¯nition 3. ut

In order to prove completenessof the natural rewriting strategy, we intro duce
someauxiliary notation. Given two rewrite sequences¼= t ! ¤ s and ¼0 = s ! ¤

w, we write ¼; ¼0 for the sequencet ! ¤ s ! ¤ w. Given a rewrite sequence
¼= t0

p1¡ ! t1; ¼0 with ¼0 = t1
p2¡ ! t2 ¢¢¢

pn¡ ! tn and given an outermost position
pk amongst p1; : : : ; pn , we de¯ne the projection ¼jpk as follows:

¼jpk =

8
><

>:

¼ if n = 0
¼0jpk if p1 k pk

t0jpk

p1 =pk¡ ! t1jpk ; ¼0jpk otherwise

We now establish a few key properties of the set NRR (t) that will be useful in
proving the completenessresult.

Lemma 1. Consider a rewrite sequence

t
p1¡ ! l 1 ! r 1 t1 ¢¢¢

pn¡ ! l n ! r n tn

such that pn = ¤ . Then, there is a k s.t. 1 · k · n and hpk ; lk ! r k i 2 NRR (t).

Proof. We prove the lemma by induction on n. The basecasewhere n = 1 is
obvious, becausethen hp1; l1! r 1i 2 NRR (t). For the induction step, we may
assumethat hpn ; ln ! r n i is not a redex in t, becauseotherwise it is in NRR (t),
and the statement follows. Then, we have DP l n (t) 6= ? , and for each q 2 DP l n (t)
there is a k < n such that pk 2 D "

t (q). Consider an outermost such pk , and the
rewrite sequence

¼0 = ¼jpk = t0 p0
1¡ ! l 0

1 ! r 0
1

t0
1 ¢¢¢

p0
m¡ ! l 0

m ! r 0
m

t0
m

where ¼= t
p1¡ ! l 1 ! r 1 t1 ¢¢¢

pk¡ ! l k ! r k tk and p0
m = ¤ . By induction hypothesis,

there is a j such that 1 · j · m and hp0
j ; l0

j ! r 0
j i 2 NRR (t0). Now, note that

t0 = tjpk , p0
j = pi =pk , and l0

j ! r 0
j = l i ! r i for somei s.t. 1 · i · k. But since

pk 2 D "
t (DPl n (t)), and hence in SPR (t), is follows that hpi ; l i ! r i i 2 NRR (t)

and we are done. ut

Lemma 2. Consider a rewrite sequence t
p1¡ ! l 1 ! r 1 t1 ¢¢¢

pn¡ ! l n ! r n tn such that
hpi ; l i ! r i i 62NRR (t) for all i s.t. 1 · i · n. Then, there is no i and hq; l ! r i 2
NRR (t) such that pi · q:q0 for q0 2 PosX (l ).
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Proof. We prove the contrapositive. Supposethere is an i such that 1 · i · n
and pi · q:q0 for q0 2 PosX (l ). Consider an outermost such pk , and the rewrite
sequence

¼0 = ¼jpk = t0 p0
1¡ ! l 0

1 ! r 0
1

t0
1 ¢¢¢

p0
m¡ ! l 0

m ! r 0
m

t0
m

where¼= t
p1¡ ! l 1 ! r 1 t1 ¢¢¢

pk¡ ! l k ! r k tk and p0
m = ¤ . Now, by Lemma 1, there is

1 · j · m such that hp0
j ; l0

j ! r 0
j i 2 NRR (t0). Now, note that t0 = tjpk , p0

j = pi =pk ,
and l0

j ! r 0
j = l i ! r i for somei s.t. 1 · i · k. But by Remark 1, it follows that

hpi ; l i ! r i i 2 NRR (t) and we are done. ut

Recall that the main idea behind our natural rewriting strategy is that if
a term t can be reduced to a head-normal form t0, say via a rewrite sequence
¼= t ! ¤ t0, then there is also a rewrite sequencet

q
¡ ! l ! r s ! ¤ t0 that begins

with a redex hq; l ! r i 2 NRR (t). Furthermore, we will show that the rewrite
sequence¼0 = s ! ¤ t0 is \smaller" in an appropriate sensein comparison to ¼.
Speci¯cally, we will de¯ne a well-founded metric on rewrite sequences,and show
that the metric of ¼0 is strictly smaller than that of ¼. The completenessresult
will then follow by noetheranian induction on this metric.

De¯nition 5. Given a rewrite sequence ¼ = t0
p1¡ ! t1 ¢¢¢

pn¡ ! tn , we de¯ne a
metric ¹ (¼) as follows.

{ Let k be the smallest integer such that pk = ¤ , if any. Then,

¹ (¼) = ¹ (¼1):1:¹ (¼2)

where ¼1 = t0 ! ¤ tk ¡ 1 and ¼2 = tk ! ¤ tn .
{ If pi 6= ¤ for all i , then let q1; : : : ; qk be the outermost positions in p1; : : : ; pn .

We de¯ne

¹ (¼) =
kX

i =1

¹ (¼jqi )

where + is inductively de¯ned as: n1:v1+ n2:v2 = (n1+ n2):(v1+ v2) ²+ v = v,
and v + ² = v.

We de¯ne the ordering < on metrics as follows v1 < v2 if (i) jv1j < jv2j, or
(ii) jv1j = jv2j, v1 = v:n1:v0

1, v2 = v:n2:v0
2, and n1 < n2. Note that < is a

well-ordering.

The metric ¹ (¼) essentially represents the parallelism that is implicit in the
rewrite sequence¼. Speci¯cally, consider the rewrite sequencein De¯nition 5.
If pk = ¤ , then the ¯rst k ¡ 1 rewrites in ¼ have to be performed before the
kth rewrite, and similarly the k th rewrite has to be performed before any of
the remaining n ¡ k rewrites. On the other hand, if pi and pj are two di®erent
outermost positions in p1; : : : ; pn then all the rewrites in ¼jpi and ¼jpj can be
performed parallely. Thus, j¹ (¼)j is the number of sequential steps that would
remain when ¼ is parallelized to the extent possible, and further, if the i th

number in the sequence¹ (¼) is n i then the i th step in the parallelized version
of ¼would contain n i parallel reductions.
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Example 9. Consider the TRS of Example 1 and the following sequence¼:

s((0 ¡ 0) ¡ 0) ¡ s(0 ¡ 0)
! s(0 ¡ 0) ¡ s(0 ¡ 0)
! s(0) ¡ s(0 ¡ 0)
! s(0) ¡ s(0) ! 0 ¡ 0 ! 0

The metric for this sequenceis ¹ (¼) = ¹ (¼0):1, where ¼0 is the sequencecon-
taining the ¯rst four steps of ¼. Further, ¹ (¼0) = ¹ (¼00):1, where ¼00 is the
sequencecontaining the ¯rst three steps of ¼. Now, the outermost positions of
¼00 are namely 1:1 and 2:1, and hence we have ¹ (¼00) = ¹ (¼0j1:1) + ¹ (¼0j2:1).
Further, ¼0j1:1 = (0 ¡ 0) ¡ 0 ! 0 ¡ 0 ! 0, and ¼0j2:1 = 0 ¡ 0 ! 0.
Now, ¹ (¼0j2:1) = 1, and the reader can check that ¹ (¼0j1:1) = 1:1. So ¯nally ,
¹ (¼) = ¹ (¼0):1 = ¹ (¼00):1:1 = (¹ (¼0j1:1) + ¹ (¼0j2:1)) :1:1 = (1:1+ 1):1:1 = 2:1:1:1,
that indicates that there are two stepsat the beginning that can be performed
parallely, followed by three other steps that cannot be performed parallely.

The following is a useful property of the metric, which can be easily proved.

Lemma 3. j¹ (¼1 ; ¼2)j · j¹ (¼1)j + j¹ (¼2)j.

For a term s, a position q, and a rewrite sequence¼= t0
p1¡ ! t1 ¢¢¢

pn¡ ! tn ,
we de¯ne the rewrite sequences[¼]q ass[t0]q

q:p1¡ ! s[t1]q ¢¢¢
q:pn¡ ! s[tn ]q. For a term

t, two disjoint positions p1; p2, and two rewrite sequences¼1; ¼2, we de¯ne the
rewrite sequence¼ = t[¼1]p1 ¦ t [¼2]p2 as t[¼1]p1 ; s[¼2]p2 where s is the target
of t[¼1]p1 . Note that ¦ is an associative operator, and ¹ (t[¼1]p1 ¦ t [¼2]p2 ) =
¹ (¼1) + ¹ (¼2). For a set of mutually disjoint positions Q = f q1; : : : ; qk g, we
write t[¼]Q as shorthand for t[¼]q1 ¦ ¢¢¢¦ t[¼]qk .

We are now ready to formalize the intuition behind the de¯nition of our
natural rewriting strategy.

De¯nition 6 (Descendan ts of a position). Let ¼: t
p

¡ ! l ! r s be a rewrite
step and q 2 Pos(t). The set qn¼of descendants of q in s is de¯ned as follows:

qn¼=

8
<

:

f qg if q < p or q k p
f p:p3:p2 j r jp3 = l jp1 g if q = p:p1:p2; p1 2 PosX (l )
? otherwise

If Q µ Pos(t) then Qn¼ denotes the set
S

q2 Q qn¼. The notion of descendant
extends to rewrite sequencesin the obvious way. Note that, if Q is a set of
pairwise disjoint positions in t, and ¼ : t ! ¤ s, then the positions in Qn¼ are
pairwise disjoint.

Lemma 4. Let ¼ = t1 ! ¤ t2
¤¡ ! l ! r t3 ! ¤ t4 where h¤ ; l ! r i 2 NRR (t1) and

noneof the redexesin t1 ! ¤ t2 is in NRR (t1). Then, there is ¼0 = t1
¤¡ ! l ! r t0

2 ! ¤

t4 such that ¹ (t0
2 ! ¤ t4) < ¹ (¼).

Proof. Let the set of outermost positions at which reductions occur in the se-
quence½= t1 ! ¤ t2 be Q. Then, by Lemma 2, we have that each q 2 Q is either
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(i) under a variable position in l , i.e., q 62PosF (l ), or (ii) is not aboveany variable
position in l , i.e. q 6· p for any p 2 PosX (l ). Further, sinceh¤ ; l ! r i 2 NRR (t1)

we have that h¤; l ! r i is a redex in t1, and hence´ : t1
¤¡ ! l ! r t0

2 for somet0
2.

The fact that h¤ ; l ! r i is also a redex in t2 implies that

{ rewrites in t1 ! ¤ t2 that occur under a q 2 Q of the kind (ii) above are
inconsequential, and

{ for any two positions p;p0 2 Posx (l ), the rewrite sequences½jp and ½jp0 have
the sametarget.

This motivatesus to considera maximal set f q1; : : : ; qn g µ Q such that, (i) each
qi is under a variable position in l , and (ii) whenever there are p;p0 2 Posx (l )
and qi ; qj such that p < qi and p0 < qj , then p = p0. More concretely, for
each variable x 2 Var(l), we pick one occurrenceof x in l , and then pick only
those qi 2 Q that are below the position of that occurrence of x. Now, for
½i = ½jqi for 1 · i · n, we have the sequence¼0 = ´ ; ± ; t3 ! ¤ t4 where
± = (t0

2[½1]q1 n¼ ¦ ¢¢¢¦ t0
2[½n ]qn n¼) whose target is t3. The rewrite sequence¼0

simply shu²es all the relevant rewrites in t1 ! ¤ t2 to after the rewrite step ´ .
Now, we have

j¹ (½)j = j
X

q2 Q

¹ (½jq)j ¸ j
nX

i =1

¹ (½i )j = j¹ (±)j

From the above observation and the fact that ¹ (¼) = ¹ (½):1:¹ (t3 ! ¤ t4), Lemma
3 implies j¹ (± ; t3 ! ¤ t4)j < j¹ (¼)j. This in turn implies ¹ (± ; t3 ! ¤ t4) < ¹ (¼).

ut

Lemma 5. Let ¼= t1 ! ¤ t2
q

¡ ! l ! r t3 ! ¤ t4 where hq; l ! r i 2 NRR (t1) and
noneof the redexesin t1 ! ¤ t2 is in NRR (t1). Then, there is ¼0 = t1

q
¡ ! l ! r t0

2 ! ¤

t4 such that ¹ (t0
2 ! ¤ t4) < ¹ (¼).

Proof. Weprove the lemmaby induction on j¼j. The basecasej¼j = 1 is obvious.
For the induction step, let p1; : : : ; pn be the outermost redexesin ¼and ¼i = ¼jpi .
Let k be such that pk · q. By Lemma 2, we know that there is no reduction at
pk in t1 ! ¤ t2. Then consider the rewrite sequence

¼k = t1jpk ! ¤ t2jpk

q=pk¡ ! l ! r t3jpk ! ¤ t4jpk

We have the following two cases:

{ (q = pk ) Then, q=pk = ¤ and by Lemma4, there is ¼0
k = t1jpk

¤¡ ! l ! r s ; ± for
somes and a rewrite sequence±with the sametarget t4jpk , and ¹ (±) < ¹ (¼k ).

{ (pk < q) Then, ¼k = ´ ; (u ¤¡ ! u0 ! ¤ t4jpk ) for someu; u0 and ´ = t1jpk ! ¤

t2jpk

q=pk¡ ! t3jpk ! ¤ u. Since j´ j < j¼k j · j¼j by the induction hypothesis

there is ´ 0 = t1jpk

q=pk¡ ! l ! r s ; ±0 for somes and a rewrite sequence± with
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the sametarget u. Further, ¹ (±0) < ¹ (´ ). Let ¼0
k = t1jpk

q=pk¡ ! l ! r s ; ±, where

± = ±0 ; (u ¤¡ ! u0 ! ¤ t4jpk ). Now,

¹ (±) = ¹ (±0):1:¹ (u0 ! ¤ t4jpk ) < ¹ (´ ):1:¹ (u0 ! ¤ t4jpk ) = ¹ (¼k )

Now, consider the sequence¼0 = t1[¼0
k ]q ¦ (3 i 6= k t1[¼i ]pi ). Note that for somet0

2,
we have

¼0 = t1
q

¡ ! l ! r t0
2 ; ½ where ½= t0

2[±]q ¦ (3 i 6= k t0
2[¼i ]pi )

Finally, we have ¹ (½) = ¹ (±) +
P

i 6= k ¹ (¼i ) <
P n

i =1 ¹ (¼i ) = ¹ (¼). ut

Theorem 2 (Completeness). If t ! ¤ s, then 9s0 s.t. t m! ¤ s0, r oot(s0) =

r oot(s) and s0 >¤¡ ! ¤ s.

Proof. Let ¼ = t
p1¡ ! l 1 ! r 1 t1 ¢¢¢

pn¡ ! l n ! r n s. We prove the theorem by noethe-
rian induction on ¹ (¼). The basecase¹ (¼) = ² is obvious, sincej¼j = 0. For the
induction step there are two cases:

{ Supposethere is no i such that 1 · i · n and hpi ; l i ! r i i 2 NRR (t). Then,
by Lemma 1, pi > ¤ for all i , and thus the statement holds by taking s0 = t.

{ Now, we consider the least k such that hpk ; lk ! r k i 2 NRR (t). Then, by
Lemma 5, we have ¼0 = t

pk¡ ! l k ! r k t0
1 ; ± for somet0

1 and a rewrite sequence
± with target s. Furthermore, ¹ (±) < ¹ (¼). By induction hypothesis,we have

t0
1

m! ¤ s0 for somes0 such that r oot(s0) = r oot(s) and s0 >¤¡ ! ¤ s. Then, the
statement follows from the observation that t m! ¤ s0. ut

4 Re¯nemen ts of the Strategy

In this section,we further re¯ne the natural rewriting strategy de¯ned in Section
3. We usethe notions of failing terms and most frequently demandedpositions,
both of which were originally intro duced, although for the special caseof left-
linear and constructor-basedsystems,in [7].

4.1 Failing terms

For a position p and a term t, we de¯ne the set Rt (p) of re°ections of p w.r.t.
t as follows: if p is under a variable position in t, i.e., p = q:q0 for someq such
that tjq = x then Rt (p) = Posx (t):q0, elseRt (p) = f pg. We say that the path to
p in t has de¯ned symbols if there is q · p and q 6= ¤ such that r oot(t jq) 2 D.

De¯nition 7 (Failing term). Given terms l; t, we say t is failing w.r.t. l ,
denoted by l J t, if there is p 2 DP l (t) such that the path to p in t does not have
de¯ned symbols, and either of the following holds:

{ for every q 2 Rl (p) \ DP l (t), the path to q in t doesnot havede¯ned symbols,
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{ there is q 2 Rl (p) \ DPl (t) with r oot(t jp) 6= r oot(t jq), and the path to q in t
does not havede¯ned symbols.

The idea behind the de¯nition above is that if l J t, then it is the casethat in
any rewrite sequencestarting from t the ¯rst reduction at the root doesnot use
the rule l ! r .

Example 10. Considerthe terms t = 10! % 0 and l = M % s(N) from Example
1. We have that l J t becausethe position 2 2 DP l (t), Rl (2) = f 2g, and the path
to position 2 in t has no de¯ned symbol except the root symbol. Now, consider
the terms t0 = s(Z) ¼ 0 and l0 = X ¼ X, again from Example 1. We have
l0 J t0, since the position 1 2 DP l 0(t0), Rl 0(1) = f 1; 2g, the path to position 1
has no de¯ned symbols, r oot(t0j1) = s 6= 0 = r oot(t0j2), and the path to position
2 in t0 has no de¯ned symbol.

Now, note that if l J t, then we neednot include the set D "
t (DPl (t)) in the

set SPR (t) in De¯nition 3, becausewe know that l ! r cannot be the ¯rst rule
to be applied at the root in any rewrite sequencestarting from t.

De¯nition 8. We re¯ne the set NRR (t) in De¯nition 3 by re¯ning the set
SPR (t) as follows

SPR (t) =
[

l 2 L (R )^ l · t

D "
t (PosX (l )) [ D "

t (
[

l 2 L (R )^ l 6·t ^ l 6J t

DPl (t) )

The reader can check that Lemmas 1 and 2, and henceall the propositions so
far, hold with this re¯ned De¯nition 8 instead of De¯nition 3.

Example 11. Let us continue Example 7 with the term

t2 = 10! % (1 ¡ 1) ¼ 10! % 0

With the re¯ned De¯nition 8 we have NRR (t2) = fh1:1i ; h1:2i g and the redex at
position 2:1 is not consideredanymore. The reasonis that accordingto Example
10, the subterm 10! % 0 is failing w.r.t. every rule, and henceSPR (t2j2) = ? .
Hence,we have only two possiblerewriting stepsfrom the term t2: (i) a rewriting
step reducing the subterm 1¡ 1 at position 1:2, and (ii) a rewriting step reducing
the subterm 10! at position 1:1. The secondrewrite step is still undesirableand
its removal motivates the further re¯nement intro duced below.

4.2 Most frequen tly demanded positions

Supposeln 6· t, l 6J t, and we have a rewrite sequencet
p1¡ ! l 1 ! r 1 : : :

pn¡ ! l n ! r n tn

wherepn = ¤ . Then note that for every q 2 DP l (t) there has to be a k such that
pk 2 D "

t (q). This is indeedthe argument usedin Lemma 1. But then this implies
that while computing the set SPR (t) in De¯nition 8, for each l 2 L(R) such that
l 6· t and l 6J t it is su±cient to include D "

t (q) for atleast one q 2 DP l (t). This
motivates a further re¯nement of De¯nition 8.
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De¯nition 9. For sets of positions P; Q1; : : : ; Qn we say P covers Q1; : : : ; Qn

if for all 1 · i · n we have that P \ Qi 6= ? . For sets of positions Q1; : : : ; Qn

in a term t, we de¯ne MinCovD "
t (f Q1; : : : ; Qn g) = D "

t (P) for somecover P of
Q1; : : : ; Qn such that jD "

t (P)j is minimum.

Example 12. Considerthe subterm t = 10! % (1 ¡ 1) of the term t2 in Example
1. Consider also the left-hand sidesof the rules (3) and (4): l3 = M % s(N) and
l4 = (0 ¡ s(M)) % s(N) . We have that DP l 3 (t) = f 2g and DP l 4 (t) = f 1; 2g.
Now, the set P = f 2g covers DP l 3 (t) and DP l 4 (t), and in fact

MinCovD "
t (DPl 3 (t); DP l 4 (t)) = D "

t (P) = f ¤ ; 2g

De¯nition 10. We further re¯ne the set NRR (t) in De¯nition 8 by re¯ning the
set SPR (t) as follows:

SPR (t) =
[

l 2 L (R )^ l · t

D "
t (PosX (l )) [ MinCovD "

t (
[

l 2 L (R )^ l 6·t ^ l 6J t

f DPl (t)g )

The reader can check that Lemmas 1 and 2, and henceall the propositions so
far, hold with this re¯ned De¯nition 10 instead of De¯nition 8.

Example 13. Let us continue with term t2 = 10! % (1 ¡ 1) ¼ 10! % 0 from
Example 11. With De¯nition 10, the redexescomputed by the natural rewriting
strategy becomeeven more re¯ned. Speci¯cally, we have NRR (t2) = fh1:2i g and
the redexat position 1:1 is not consideredanymore. The reasonis that according
to Example 12, the position 1 in the subterm 10! % (1 ¡ 1) is not considered
as demanded,sinceposition 2 is enoughfor obtaining a minimal set covering of
all the positions demandedby rules (3) and (4), i.e. SPR (t2j1) = f 2; ¤g. Finally,
we have only the optimal possiblerewriting step for position 1:2 from the term
t2 and the optimal rewrite sequence:

10! % (s(0) ¡ s(0) ) ¼ 10! % 0
! 10! % (0 ¡ 0) ¼ 10! % 0 ! 10! % 0 ¼ 10! % 0 ! True

Note that, for the terms

t3 = 10! % (0 ¡ 0)) ¼ 10! % 0 and t4 = 10! % 0 ¼ 10! % 0

that occur in the rewrite sequenceabove, we have NRR (t3) = fh1:2i g, and
NRR (t4) = fh¤ ig .

5 Conclusion

We have extended natural rewriting to general rewriting systems.This makes
this strategy available for both expressive equational languagesand for rewriting
logic languages.This work provides a basis for a subsequent generalization of
natural rewriting ¯rst to narrowing, and secondto even more expressive rewrite
theoriessuited for concurrent systemspeci¯cations [12] and supporting: (i) sorts
and subsorts;(ii) rewriting modulo axioms such as associativit y, commutativit y,
identit y, and so on; and (iii) conditional rewriting.
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