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Abstract. Computational systems are often represented by meanspiekstruc-
tures, and related using simulations. We propose rewritigig as a flexible and
executable framework in which to formally specify these meatatical models,
and introduce a particular and elegant way of representinglations in it: the-

oroidal maps. A categorical viewpoint is very natural in sedy of these struc-
tures and we show how to organize Kripke structures in caiegthat afterwards
are lifted to the rewriting logic’s level. We illustrate thise of theoroidal maps
with two applications: predicate abstraction and the stofdgirness constraints.

1 Introduction

Formal reasoning about concurrent systems typically rastwo levels of specifica-
tion: (1) asystem specificatidevel, in which an explicit computational description of
a concurrent system is given; and (2p@perty specificatiotevel, in which different
safety and liveness properties satisfied by the system awdfigol. A system specifi-
cation typically determines mathematical moddlor set of models) about which we
want to verify that some properties are satisfied. Frequersttd mathematical mod-
els include transition systems, and Kripke structurestransition systems decorated
with information about satisfaction of atomic predicatést properties, different tem-
poral and modal logics can be used; CTg] is a common choice, because it contains
the widely used LTL and CTL logics as special cases.

But how can such mathematical models be formally specifidd?dare many pos-
sibilities. In this paper we specify them by meanseMrite theories This is a natural
choice, because rewriting logic provides a flexible frameéwfor specifying a wide
range of concurrent systems at a high level [16, 14], yet irex@cutable way sup-
ported by languages such as Maude in which we can simulatenadé! check such
systems [7, 8]. Essentially, system states are specifieteasents of an initial alge-
bra, and (parameterized) transitions as rewrite ruleghEtmore, it is then very easy
to equationally specifiatomic predicate$olding on the states in a theory extension.
In this way, we can associate a Kripke structif& % ,k)n to a rewrite theory#, a
kind of states, and atomic propositions. Given a CTL formula ¢, then the issue
of whether the system specification satisfies the propgrecomes the question of
verifying whetherz (%,K)n |= ¢ holds.
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However, it may be considerably easier to verify such a feati®on relation us-
ing a differentsystem specificatios?’. For example,# (#,k); may have infinitely
many states, wherea# (#’,k); may be a finite-state abstraction &f[19], so that
we can use a model checker to verif§f (#',k) = ¢. From this we can infer that
H(Z,K)n E ¢ holds, provided tha?Z and %’ can be related by an adequaiau-
lation map H: Z — %#'. This of course suggests a categorical approach, and also
exploring an adequate notion of theory morphism to definé siraulations at a logi-
cal level. This is the goal of this paper. Specifically we:

— Define a category with objects Kripke structures and morphiguite general “stut-
tering simulations,” and show that properties specified hyatural subclass of
CTL* formulas are reflected by such simulations.

— Show that those CTLformulas, with Kripke structures as models and simulations
as morphisms, form aimstitution[12].

— Explain the#' (#,k)n construction in detail allowing us to specify Kripke struc-
tures by means of rewrite theories.

— Present a new notion @iartial theory morphismwhich allows a more general and
expressive way of relating theories than with ordinary tigenorphisms.

— Define a category with rewrite theories (plus the specificatf the kind of states
and the state predicates) as objects, and suitable paeiaiyt morphisms as mor-
phisms, and show that they define a useful class of simukabetween the under-
lying Kripke structures, which we catheoroidal simulations

— lllustrate the usefulness of this notion in several areagluding predicate ab-
straction, and reasoning about temporal logic propertieten fairness assump-
tions. Furthermore, theoroidal simulations greatly gatiee equational abstrac-
tions which were already shown to be very useful in [19].

An extended version of this paper with the missing proofsteafound in [15].

2 Prerequisites

2.1 Computational systems

When reasoning about computational systems, it is usuatlyenient to abstract from
as many details as possible by means of simple mathematictdisithat can be used to
reason about them. For a state-based system we can reptebehtvior by means of a
transition systenwhich is a pairer = (A, — /) with A a set of states ane-,, CAx A

a binary relation called the transition relation.

A transition system, however, does not include any inforomaébout the relevant
properties of the system. In order to reason about such pfepé is necessary to add
information about the atomic properties that hold in eaclestin what follows, we
assume a fixed s&tP of atomic propositions and definekaipke structureas a triple
o = (A,—,Ly), where(A — /) is a transition system with- ., a total relation,
andL, : A— Z(AP) is a labeling function associating to each state the setwfiat
propositions that hold in it. Note that the transition rielatmust be total [5]; given an
arbitrary relation—, we write —* for the total relation that extends by adding a



paira —* a for eacha such that there is nb with a — b. A path in.«/ is a function
m: IN — Asuch that, for eache IN, m(i) — ., (i + 1).

To specify system properties we will use the logic ACTAP), which is a sublogic
of the branching-time temporal logic CT(AP) (see for example [5, Sect. 3.1]). There
are two types of formulas in CTICAP): state formulas, denoted by Stga®), and path
formulas, denoted by PgihP). The semantics of the logic, specifying the satisfaction
relations«’,a = ¢ and.«Z, m |=  for a Kripke structuresZ, an initial statea € A, a
state formulag, a pathm, and a path formulg, is defined as usual [5]. ACTILAP)
is the restriction of CTL(AP) to those formulas such that their negation-normal forms
(with negations pushed to atoms) do not contain any exislgrdth quantifiers. Some-
times, to avoid introducing existential quantifiers imiilig it is more convenient to
restrict ourselves to the negation-free fragment ACTFL(AP) of ACTL*(AP), defined
as follows?

state formulas: ¢ =peAP| T |L|dVP|dAD|AY
path formulas: ¢=¢ | Qv Y [ YAY | Xy | YUY | YRY |Gy | Fy.

We write Stat&—(AP) and Path—(AP) for the sets of state and path formulas in
ACTL*\—(AP), respectively.

2.2 Rewriting logic

Rewriting logic [16] provides a very flexible framework fdre system-level specifica-
tion of concurrent systems. Itis parameterized by an ugherequational logic, which
we will also use to specify the system'’s properties; in thapgr we use membership
equational logic [17], whose main features we now review.

A signaturein membership equational logic is a triplK, %, S) (just Z in the fol-
lowing), with K a set ofkinds = = {2,k k} (k..knk)ek*xk @ many-kinded signature,
andS= {S}kex @ pairwise disjoinK-kinded family of sets oforts The kind of a
sorts is denoted bys|. We write Ts  and Ts «(X) to denote respectively the set of
ground >-terms with kindk and of Z-terms with kindk over variables inX, where
X ={x1:Ki,...,%n: kn} is a set ofK-kinded variables. Intuitively, terms with a kind
but without a sort represent undefined or error elementsitdmia formula is either an
equation t=t’, wheret andt’ are >-terms of the same kind, orrmembership asser-
tion of the formt : s, where the ternt has kindk ands € S. Sentences are conditional
formulas of the formVX) Ag if A1 A ... A An, where eachh is either an equation or a
membership assertion, aXdis a set olK-kinded variables containing all the variables
in theAj. A theory is a paifZ,E), whereE is a set of sentences in membership equa-
tional logic over the signaturE. We write(Z,E) - ¢, or justE |- @if X is clear from the
context, to denote th&f , E) entails the sentenagin the proof system of membership
equational logic [17]. A theoryZ,E) has an initial modeTs g whose elements are
E-equivalence classes of terrfts Algebras over a signature are defined in a standard
manner; we denote b4; the interpretation of an operatbiin the algebrad and byA;
that of a ternt, and refer to [17] for a detailed presentation of the modebtij.

3 X, G, andF stand for the classioext(Q), henceforth0), andeventually(<) LTL operators.



Concurrent systems are axiomatized in rewriting logic byanseofrewrite theo-
ries [16] of the form% = (Z,E,R). The set of states is described by a membership
equational theory>, E) as the algebraic data tydg g  associated to the initial alge-
braTs g of (£,E) by the choice of a kinét of states in>. The system’sransitionsare
axiomatized by theonditional rewrite rules Rvhich are of the form

)\Z(VX)I—)I’ if /\pi:qi/\/\wj ZSJ'/\/\'[| —>'[|/,

i€l jed leL

with A a label,p; = g; andw; : s; atomic formulas in membership equational logic
fori el andj € J, and for appropriate kindk andk, t,t’ € Ts k(X), andt,t/ €
Ts K (X) for| € L. Under reasonable assumptions alibandR, rewrite theories arex-
ecutable Indeed, there are several rewriting logic language implaiations, including
CafeOBJ [11], ELAN [3], and Maude [7, 8]. Rewriting logic théas inference rules
to infer all the possible concurrent computations in a syste6, 4], in the sense that,
given two statesu], [V] € Ts gk, we can reaclv] from [u] by some possibly complex
concurrent computation iff we can proue— v in the logic; we denote this provability
by # - u — v. In particular we can easily define tlo@e-stepZ-rewriting relation,
which is a binary relationa;z,lk onTs i that holds between termsv € Ts  iff there is
a proof ofu — v in which only one rewrite rule iR is applied to a single subterm.

2.3 Computational systems in rewriting logic

To associate a transition system to a rewrite theory we fieatise one-step rewriting
relation—{%,’k from terms inTs i to states iz g , by defining[u] —@,k V] iff uf —@’k
Vv for someu’ € [u], V € [v]. This definition determines a transition systef%)x =
(Tz/ek (—54)°) for eachk e K.

In order to associate temporal properties to a rewrite théde (X, E,R) we need
to make explicit two things: the intend&thd kof states in the signatugg, and the rel-
evantstate predicatesOnce the kind is fixed, the transitions between states are given
by 7 (%)k. In general, however, the state predicates need not befithet system spec-
ification but only of the property specification. We assunat they have been defined
by means of equatior3 in a protectingtheory extensiofi>’, EUD) of (X, E); that is,
the extension is conservative in the sense that the urignemomorphisnis g —
Ts/eupls should be bijective at each sort i We also assume thae’,EUD) is a
protecting theory extension &OOL, the theory of Boolean values. Furthermore, we
assume that the syntax defining the state predicates con$iatsubsignaturfl C 3’
of operators, with eacp € 1 a state predicate symbol that cang@gameterizegthat
is, p need not be a constant, but can in general be an opepatsy...s, — Prop,
with Prop the kind of propositions. Ik is the kind of states, theemanticof the state
predicatedT] is defined with the help of an operatof= - : k Prop— Boolin 2’ and
by equationd€ UD. By definition, given ground terms, ..., u,, we say that the state
predicatep(us, ..., un) holdsin the statdt] iff EUD -t = p(uy,...,un) = true.

Then, we associate to a rewrite thegfy= (3, E,R) (with a selected kiné of states
and with state predicatd3) a Kripke structure whose atomic propositions are speci-
fied by the seAP; = {06(p) | p € 1, 6 ground substitutioh, where by convention we



use the simplified notatio@(p) to denote the ground terB(p(xy,...,%n)). We define
H(Z,K)n = (Ts ek (=), Ln), whereLn ([t]) = {6(p) € AP | 8(p) holds in[t]}.

3 Relating systems

So far we have discussed how to mathematically capture sengal characteristics
of computational systems and have proposed rewriting lagia flexible framework
in which to represent them. But we are not interested in cdatjgnal systems in iso-
lation. We would like to be able to study, for example, if atgadar system is an
abstraction, or an implementation, of another one. To dp the concept of§imulation
is introduced.

3.1 Stuttering simulations

Classically, a simulatiotl : & — 2 of Kripke structures relates states that satisfy
the same atomic propositions in such a way that to every path corresponds a path
in A. A key fact is that then every ACTLformula that holds inZ is also true ine7.

Our aim is to generalize the notion of simulation to give it @ev applicability.
This generalization should satisfy the same two key pragedf basic simulations: (i)
becompositiongland (i) reflectinteresting properties. We achieve this goal by slightly
restricting the logic; on the one hand, by forbidding nemyagi(no real expressive power
is lost) the condition that related states have to satisfysthme properties can be re-
laxed, and on the other, by forbidding thextoperatorX (see Section 3.2), we can
allow paths to be simulated up stuttering(which is what one really cares about most
of the time).

Formally, for«” = (A, — /) and# = (B, — ) transition systems and C Ax B
a relation, we say that a pathin % H-matchesa pathrt in o if there are strictly
increasing functiona, 3 : IN — IN with a(0) = 3(0) = 0 such that, for all, j,k € IN,
if a(i) <j<a(i+1)andB(i) <k<B(i+1), itholds thatt(j)Hp(k). For example, the
following diagram shows the beginning of two matching pattisere related elements
are joined by dashed lines and0) = 3(0) =0,a(1) =2,B(1) =3, a(2) =5.

T e ° ° ° °
|\\/|\ |\ | /|
NS OON AN s
RS ~ N\ N 7
N NN < |
P e ° ° ° °

Definition 1. Given transition systemsg’ and %, a stuttering simulation of transition
systemdH : o — £ is a binary relation HC A x B such that if aHb, then for each
pathin o starting at a there is a patp in 4 starting at b that H-matches. If H is
a function we say that H is stuttering map of transition systemboth H and H?!
are stuttering simulations, then we call Hstuttering bisimulation

Given Kripke structures? = (A, —./,L.s) and%# = (B,—4,L4) over AP, astut-
tering AP-simulationH : &/ — £ is a stuttering simulation of transition systems
H: (A —45) — (B,—4) such that if aHb then (b) C L. (a). If H is a function
we call H astutteringAP-map We call H a stuttering AP-bisimulation if H andH
are stuttering AP-simulations. We call $trictif aHb implies Lz(b) = L/ (a).



3.2 The temporal logic institution

Simulations, as defined above, compose, and it is immediatbdck that the identity
function 1., : & — & is a simulation of transition systems and of Kripke struetur
Therefore, transition systems together with their simoret define a categoi$TSys
and similarly, for each s&P of atomic propositions there is a categ&8Simap with
a subcategorKSMap 5p of stutteringAP-maps. Note that iH is an isomorphism in
KSSimpp then it must be a map and a bisimulation. Note, finally, thatrtapping
(A,—,Ly) — (A, — ) extends to a forgetful functdarS : KSSimpp — STSys

Although the main goal of this paper is the study of simuladiand their representa-
tion in rewriting logic, we believe that a categorical vieviut is indeed the most natural
to understand these generalized simulations and henceeomsrthwhile to devote
the rest of this section to present some ideas in that cortexthat follows we show
how these categories can be neatly organized in an inetit{&2] for the logic ACTL.
Other institutions for temporal logics are discussed inlpi} their notions of signature
morphism and of simulation (which roughly corresponds tormtion of bisimulation
map) are more limited. As a side effect, we will also constau6Grothendieck cate-
gory [20] which will allow us to relate Kripke structures awdifferent sets of atomic
propositions, further generalizing the notion of simuati

Let us first define the category of signatures. A simple optwonld be to choose
sets of atomic propositions as objects and functions betwheem as arrows, but we
are aiming for the most general notion that still reflectés&attion of suitable for-
mulas? For that, let State{—, X} : Set— Set be the functor mapping a sé to
State {—, X}(AP), the state formulas in ACTL\—-(AP) that do not contain theext
operatoiX, and a functiora : AP — AP’ to its homomorphic extension

a : Staté {—, X} (AP) — Staté {—, X }(AP).

Then, the triplgState { —, X}, n, ) isamonad [2], wherg : |dse;= State {—, X} and

u : State {—,X} o State { -, X} = Staté {—, X} are natural transformations such that
nar(p) = pandy “unwraps” a formula into its basic atomic propositions. @ategory

of signatures will beSekqe (- x} » the Kleisli category of the monadi; its objects are just
sets, and the morphismd — AP are functionsx : AP — State {—, X} (AP).

We also need a notion of @ductof a Kripke structure, inspired by that of the
reduct of an algebra. Given a function: AP — Stat€AP') and a Kripke structure
o = (A, — ., Ly) over AP, we define theeduct Kripke structure|q = (A, — o,
L.,) over AP, with labeling functionL |, (a) = {p € AP| «/,a = a(p)}. We can
now define the desired institution.

Definition 2. The institution of Kripke structures¢x = (Signg,serk,Modg, ), is
given by:
— Sigrk = Sefstate (X} -
— serk : Selae (-,x} — Setis the functor mapping a set AP 8tate, { -, X} (AP),
and a functiona : AP — State {—, X }(AP') to its homomaorphic extensicm :
State, {—, X } (AP) — Staté\ {—, X} (AP).

4 The simpler category, however, gives rise to a semiexatttitien, which is not true for the
one presented in the text; see [15] for more details.



— Mod : Sefgiae (-x; — Cat’ is given byMod (AP) = KSSimap and, fora :
AP — AP in Segtatahx}, MOdK(U)((Q{) = c!%|a andModK(or)(H) =H.
— The satisfaction relation is defined a8 |= ¢ iff «7,al|= ¢ foralla € A.

Proposition 1. .%¢ is an institution.

Now, having defined the indexed categdMpdyk allows us to construct the “flat-
tened” category of Kripke structures over arbitrary setatofmic propositions. Let us
denote withKSSim the Grothendieck category [20] correspondindtody ; spelling
out the definition, this gives rise to our most general notibsimulation. Astutter-
ing simulation(a,H) : (ARP.«) — (AP, %) in KSSim between a Kripke structure’
overAP and anotherZ over AP consists of a functiowr : AP — State {—, X} (AP)
together with amAP-simulationH : &7 — %|4. We say that a,H) reflects a state
formula ¢ if wheneveraHb and #,b |=a(¢), then</,a = ¢. Then, not only these
generalized simulations still compose but they also refleitable ACTL formulas.

Theorem 1. Stuttering simulations always reflect satisfactionAGTL*\{—, X} for-
mulas. In addition, strict stuttering simulations also eefl satisfaction oACTL* \ X
formulas.

Note that by using different types of morphisms between k&igtructures and
choosing as sentences those temporal formulas reflectdeely, tve can get different
institutions and Grothendieck categories. For exampleeiforget about stuttering and
only allow simulations that preserve one-step transiti@msl define the category of
signatures through a functor StatS8et— SetmappingAP to StatéAP), we get the
institution of Kripke structures and classic simulations.

4 Theoroidal maps

We have already noted that, in order to reason about conipughsystems, these can
be abstractly described by means of transition systems aipéd<structures, and that
rewriting logic can be used to specify both kinds of struesjas explained in the previ-
ous sections. Our goal now is to study how to relate differentite theories and how to
lift to this specification level all the previous results absimulations of Kripke struc-
tures. For this, we consider four increasingly more geneagk of defining simulations
for rewrite theories specifying a concurrent system:

1. The easiest way of defining a simulation map for a rewrieath (2, E,R) is by
means of arequational abstractiorf19], which consists in simply adding new
equations, saff’, to get a quotient system specified (&, E UE',R).

2. The previous method can be generalized by consideriistgad of just theory
inclusions (Z,E) C (X,E UE’), arbitrarytheory interpretations H (£,E) —
(2',E") allowing arbitrary transformations on the data repreg@riaf states.

3. A third alternative consists in defining a simulatimap between rewrite theories
Z and %' directly at the level of their associated Kripke structubgsmeans of
equationally defined functions



4. Finally, the most general case is obtained by definindraryisimulations between
rewrite theoriesZ and%’ by means ofewrite relations

For each of the increasingly more general ways above of defgsimulations, there
are of course associaterrectness conditionthat must be verified. For equational
abstractions they are considered in detail in [19]. Here twdysthe second case, that
we calltheoroidal mapsalthough not so general as the last two, there are still many
interesting examples that can be explained with them, aflwstrate in Section 5. The
remaining cases 3—4 will be treated elsewhere.

4.1 Generalized theory morphisms

The first thing to do is to make precise the meaninthebry interpretationThe idea is
to use the standard concepts of signature and theory manpHswever, as we shall see
in some of the examples below, the usual definition of sigieatworphism is sometimes
not expressive enough. For this reason we introduce thexol generalization of the
concept of signature morphism in which a kind or an operaarleerased

Definition 3. Given two membership equational signatuges= (K,X,S) and 2’ =
(K, 2" S), ageneralized signature morphidtn: = — 3’ is specified by:

— partial functions H: K — K’ and H: S— S such that, for all sorts § %, if H(s)
is defined so is K{s]) and H([s]) = [H(s)].

— a partial function H assigning, to each Zkl,_,kmk such that Hk) is defined, a
>'-term H(f )of kind H(k) such that varéH (f)) C {x;, : H(ki,),..., Xim : H(ki,,) },
where k,..., ki, is the (possibly empty) subsequencelof Kk, kn determined by
those ksuch that Hk) is defined. Otherwise, if k) is undefined, so is Ff).

All standard constructions and results about signaturephisms apply to these
generalized ones as well. Giveh: ¥ — %’ and a>’-algebra, its reductJy (A) over
2 is defined by:

— For each kindk, Un (A)k = Ay i if H(k) is defined; otherwisBy (A)x = {*}.

— For each sors, Uy (A)s = Ay s) if H(s) is defined; otherwisBly (A)s = {*}.

— For each operatadfr: k; ...k, —» k, if ki,, ..., ki, is the subsequence of those kinds
in Ky, ...k, forwhichH is defined,

Un(A)t(as,---,an) = Ayt (@igs- -5 8in) 5

otherwise,
UH(A)f(alv"'aan) =*.

Given generalized signature morphisfhs — 5’ andG: 2’ — 2", their com-
positionGo F is defined for a kind only if both F (k) andG(F(k)) are defined, and
thenitis(GoF)(k) = G(F (k)); analogously for a sogand an operatof.

Generalized signature morphisms can also be extended hombioally to terms,
but note that fot of kind k, if H(k) is not defined thehl (t) is not defined either. This
translation extends to formulas in the expected way, whgreobventionH (t =t') =
H(t:s) =T if H is not defined for the kind df (which is the same as that tfands).
Our desired general notion of “theory interpretation” isritcaptured by the following:



Definition 4. Given two membership equational theorigsE) and (%',E’), agener-
alized theory morphisnfresp. ageneralized theory morphism with initial semanlics
H:(Z,E) — (&',E’) is a generalized signature morphism:iX — 2’ such that for
eachg cE,E' =H(9) (resp. Tr/e = H(9)).

Note that, sincds e/ |= E', each generalized theory morphism is a fortiori a gen-
eralized theory morphism with initial semantics, but nobwersely. For example, if
(Z,E) is the theory with one sorNat, a binary operato#, and the equatiofiv{x,y :
Nat}) x+y=y+Xx, (£',E’) is the usual equational definition of addition in Peano
arithmetic, ancH is the obvious signature inclusion, then we hdyeg: = (V{x,y:
Nat}) x+y=y+x butE’ £ (V{x,y: Nat}) x+y=y+x.

Again, generalized theory morphisms compose and togeitienvembership equa-
tional theories give rise to a categd®fhygL .

The new feature of generalized signature morphisms, wisighhierited by gener-
alized theory morphisms, is that kinds and operators caei@ved. This could have
been “implemented” using the standard notion of theory rhismp in the following
alternative manner:

Proposition 2. A generalized theory morphism HI — T’ is the same thing as an
ordinary theory morphism HT — T’ ® ONE, whereb denotes coproduct of theories,
and ONE is a theory with a single kif®nd and sort One, a constanrtof that kind,
and the equatioriv{x: [Ong})x = .

Proof (sketch)Leaving a kind or sort undefined in a generalized signaturgphism
corresponds respectively to mapping it @rg or Onein T’ ® ONE, while leaving an
operator undefined corresponds to mapping it to the term a

Note that there is an equivalence of categories betweendldelsofT’ and those of
T’ @ ONE because, even though we have introduced a new Kindj[ all its elements
are collapsed by the equatigW{x : [Ond})x =  to the constant and can play no
distinguished role.

Example. A special case of generalized theory morphisms are the giojefunc-
tions fromn-tuples to(n — k)-tuples. Consider a theoB¢TUPLEfor triples with kinds
3-Tuple Elt@x, Elt@y, Elt@z, an operatok_, _, ) : Elt@x Elt@y Elt@z — 3-Tuple
projection operatorps, pz, andps, and the obvious equations. Similarly, the thedry
TUPLEhas kind2-Tuple Elt@x, Elt@z, an operatot_, ) : Elt@x Elt@z — 2-Tuple
corresponding projection operatqug and pz, and the equations for pairing. Project-
ing from a triple to a pair by projecting out the second congrdrcan be represented
by the generalized theory morphigrh: 3-TUPLE— 2-TUPLE mapping the kinds
Elt@x and Elt@z to themselves3-Tupleto 2-Tuple and the operatof.,_,_) to the
term (x; : EIt@x, x3 : EIt@z); the image of the kindElt@y and the operatop; are left
undefined.

4.2 Simulation maps as generalized theory morphisms

To be able to arrange rewrite theories specifying Kripkedtires in a categorical way
we need to consider a theoBOOL_ extendingBOOL with two new kinds Stateand
Prop, and a new operatark= _: State Prop— Bool



We now have all the ingredients needed to define a cate§Bu/ThHom._ in
which stuttering maps are specified by theory interpretati®bjects ilSRWThHom_
are triple§ %, (2’ ,EUD),J) specifying, respectively, the transition relation, thenaic
propositions, and the kind of the states. More precisely:

1. #Z = (XZ,E,R) is a rewrite theory specifying the transition system.

2. (Z,E) C(2',EUD) is a protecting theory extension, containing and proteaiiso
the theoryBOOL of Booleans, that defines the atomic propositions satisfjettido
states. We definfl C 3’ as the subsignature of operators of coaitgp.

3. J:BOOL. — (2',EUD) is a membership equational theory morphism [17] that
selects the distinguished kind of statéStatg, and such that: (i) it is the identity
when restricted tdOOL, (ii) J(Prop) = Prop, and (iii) J(- = - : State Prop—
Bool) = _ = _: J(Statg Prop— Bool

Then, a morphism
H: (%la (Zia El ) D1)7‘]l) — (%25 (Zéa E2 U D2)7\]2)

in SRWThHom_ is ageneralized signature morphism:k; U 1y — 2, U T, such
that:

1. HoJ; = J; (so thatBOOL is preserved and states i are mapped to states in
H?).

2. H: (Z1,E1) — (22, E>) is a generalized morphism of membership equational the-
ories with initial semantics, so that we have a uniggéhomomorphism

n": Ts /e — Un(Ts,/E,) [t — [H(1)].

3. (Preservation of transitionsq)’l'(State L T (%1) 3 (stae — 7 (%2) 35(state» the com-
ponent corresponding to the kidg(Statg in n* mapping]t] to [H(t)], is a stutter-
ing map of transition systems.

4. (Preservation of predicates.) For eaehls, j (statg @nd state predicatguy, .. ., Un):

ExUD2HH(t) EH(p(ug,...,un)) =true = E;UD1 Ft |= p(ug,...,un) =true.

We can analogously construct a subcateg%lt‘@xNThHom;tr of strict maps. The
definition is exactly the same except for item (4), where thplication must actually
be an equivalence.

ThatH so constrained indeed gives rise to a map of Kripke strustigeshown
in Proposition 3 below. Let us define a functgf : SRWThHom,_ — KSMap as
follows:

— for objects ¢ (%, (2',EUD),J) = % (%,J(State) n;
— for morphismSH : (‘%17(25_5E1U Dl)a‘]l) - (‘@25(257E2U D2)7J2)1 '%/(H) =
(Hlm, ni<State), whereH |, is the restriction o to the state predicate$;.

Proposition 3. With the above definitions¢” : SRWThHom_ — KSMap is a func-
tor with restriction.7" : SRWThHom)S:tr — KSMap*®t.
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Proof. ¢ is well-defined on objects, and it is immediate to see thakserves identi-
ties and composition of morphisms; the only thing we neecheck is that, for alH,

2 (H) is indeed a map of Kripke structures. Let thdn (#1,(Z;,E1UD1),J1) —
(%2,(25,E2UD2),J2) be a morphism ilSBRWThHom,_. By item (3) abovenJHl(State :

T (1) 3 (stae — 7 (%2)3p(stare IS @ stuttering map of transition systems. To show
preservation of predicates, Iptuy, ..., uUn) € L%(%VJZ(Sta@nz‘Hm (H()]). By defini-

tion of the reduct of a Kripke structures (%>, Jo(Statg)n,, [H(t)] = H(p(ug,...,un))
which, by definition otz (%>, J.(Statg)n, and condition (4) in the definition of mor-
phisms inSRWThHom,_, implies thatp(uy,...,un) € L%(%731<State)nl([t]), as re-
quired. It is clear that iH belongs toSRWThHom;tr the converse is also true and
J (H) is a strict map. O

An important consequence of this result and Theorem 1 isalt@Afing:

Theorem 2. Given a morphism H (%1, (2],E1UD1),J1) — (%2,(25,E2UD2),J2)
in SRWThHom,_ or SRWThHomSF”, and a formulag in ACTL*\{—,X}(1) or
ACTL*\ X(I11) respectively, if H$) holds in.# (%2, (Z5,E; UD3),J,) then¢ holds
in %(%1, (Zi, E, U Dl),Jl).

Similar constructions can be carried out when simulatioasepresented by means
of equationally defined functions or rewrite relations &léthe introduction to this sec-
tion), resulting in categorieSRWTh andSRelRWTh_. Then, the lifting of Kripke
structures to the framework of rewriting logic can be reprgsd graphically with the
following commutative diagram. In it, the horizontal arr@letween categories asso-
ciated to Kripke structures are inclusions, and those thegi ta categories associated
to transition systems are the expected forgetful func{®RWTh is constructed anal-
ogously toSRWThHom._, but taking only the transitions into consideration.)

T

KSMap ——— = KSMap ——— KSSim —— STSys

5 Applications

5.1 Predicate abstraction

Simulations are useful to define abstractions that allowlyshg the properties of a
complex system using a simpler one. A particular instanad@imethodology of ab-
straction ispredicate abstractiofil 3, 9]. Under this approach, the abstract domain is a
Boolean algebra over a set of assertions and the abstrégtiotion, typically as part of

a Galois connection, is symbolically constructed as thgurarnion of all expressions
satisfying a certain condition, which is typically dischead using theorem proving. We
now show how predicate abstractions can be understood astamce of our notion of
theoroidal map.

11



Let us first focus on the transition relation. Given a compotel system, a set
@, ..., @ of predicates over the states determines an abstractiatidarmapping a
stateSto the Boolean tuplé@ (S), ..., ¢(S)). Let us assume that the transitions of the
system are specified by a rewrite thes#y= (X, E,R) whose kind of states iState
Then, ifZ is Stateencapsulated with constructsir. k; . .. ky, — State(that is, among
all operators in> the kindStateonly appears in the operatsty and only as its coarity),
the above predicate abstraction can be represented intirgmagic by means of a
rewrite theoryZa = (Za,Ea, Ra) where:

— 2 containsX and the signature dOOL, together with a new kin8State a new
operatorbst: Bool' — BStateand, for each predicatg, 1 < i < n, an operator
pi : State— Boolto represent it. We then have a signature morphisnt — >p
that maps the kin&tateto BState the constructost to the term

bst p1(st(X1,...,Xm))s--., Pn(St(X1,...,Xm))),

and is the identity everywhere else.

— EacontaindH (E) and the equations BOOL, together with equations fqm, . ..., pn
specifying the predicateg, . .., ¢h.

— Ra=H(R).

By construction, thenH : (X,E) — (3a,Ea) is a theory morphism such that
t ﬁ}/?,Statet' impliesH (t) H%ZA’BS-tateH (t'), thus preserving the transition relation.

We can now turn our attention to the preservation of propgrtsraphically, the re-
lationship between the different theories involved is degd in the following diagram,

(5,E)—— (3',EUD)

| |

(ZA, EA) |G (ZA, EaU DA)

where(Z’,EUD) is the equational theory specifying the properties of thegisys-
tem, and(Z;,EaUDa) is the theory we have to associated defining its atomic
propositions.

The syntax for the state predica@gthat we assume are constants) in the original
system is given in a subsignatureof 2’. It is usually the case that for each of thege
one of the predicateg in the basis defining the abstraction has the meaning “the sta
S satisfiesg.” Let qy,...,0« be the state predicates Ih. We assumé < n, and that
eachqgj, 1 < j <k, corresponds to the predicaggin the basis of the abstraction (but
in general we may have > k, with predicatesy. 1, ...,¢h not having a counterpart
in 7). That is, for ag with a correspondingj; in /1, its specification irEa through
p;j(S) is thus essentially the same (modulo renaming) as th&tefq; in D, so that
EUDF (Sk=qj) =true <= EaF p;j(S) = true. Then, for the abstraction we use the
same set of state predicat@sand they are specified in a theory extensi@g, Ea) C
(Zp.EAUDA), with 33 = AU 2’ andDa containing, for eacly; in 1 with associated
@, the equation

(V{X1,...,%n}) (bSU(X1, ..., Xj,..., %) = Q) =X .

12



Let us extencH to > U T by mapping each state predicate to itself. Thus, for all
ground termg of kind Stateand state predicateg, if EAUDa - (H(t) = q;) = true
then, by the equation defining in EaUDa and sinceH (t) = bsi(pa(t),..., pn(t)),
we haveEaUDa - pj(t) = true and everka F pj(t) = true because; is completely
specified inEa. And hence, due to the relation between the equations dgfiif5)
andSk=qj, EUDF (t = q;) = true holds and preservation of predicates is guaranteed.

Finally, we can put all the pieces together and summarizetegous discussion
as follows.

Theorem 3. Let a concurrent system be specified as an ohjétt(>’,EUD),J) of
SRWThHom__, whereZ is J(Statg-encapsulated, and leg, ..., ¢ be a set of predi-
cates over the kind(&btatg, with each state predicatg & 1 (we assume that all such
g; are constants) corresponding togg, 1 < j <k. The result of applying predicate ab-
straction is the system given B$2a, (X, EAUDa),Ja), where(3Z,,EAUDa) and Za
are defined as explained above, and wheySatg = BState. Then, with these defini-
tions, H: (%, (2',EUD),J) — (Za, (Z5,EAUDA),Ja) is an arrow nSRWThHom,_,
where H is the signature morphismJ [T — Z; UTT.

Let us illustrate these ideas by outlining how they applythe bakery protocol.
This is an infinite state protocol that achieves mutual esiolu between processes by
dispensing a number to each process and serving them inrgejweder according to
the number they hold. For the case of two processes, thatiosisscan be specified in
rewriting logic by a theory?Z = (X, E,R) such that:

— (Z,E) contains declarations and equations specifying the naturabers; in par-
ticular, the “equal to” £=) and “less than” ) predicates are specified.

— States are constructed by an operator: Mode Nat Mode Nat -> State.The
first two components describe the status of the first protleesr{ode it is currently
in, which can besleep, wait, or crit, and its priority as given by the number
according to which it will be served), and the last two comgrus the status of the
second process.

— Rconsists of eight rewrite rules, four for each process, rileisg all possible tran-
sitions. Among them, for example,

rl st(M, X, sleep, Y) => st(M, X, wait, s(X)) .
to represent that the second process can “awake” and mewxe tomode, and
crl st(M, X, wait, Y) => st(M, X, crit, Y) if Y < X .

allowing the second process to move to the critical secfis ¢ounter is less than
that of the first one.

The properties are defined in a theory extensibrE) C (2’,EUD) that simply adds
four constantdwait, 1crit, 2wait,and2crit to > to characterize when the first and
second processes areviait or crit mode, together with the obvious equations:

eq (st(wait, X, N, Y) |= lwait) = true .
eq (st(sleep, X, N, Y) |= 1lwait) = false .
eq (st(crit, X, N, Y) |= 1lwait) = false .
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For this protocol, we might be interested in verifying thdldaing safety property:
AG—(lcrit A2crit).
We will use the following set of seven predicates to definegotieelicate abstraction:

0
0

@(stM, X, N, V)) < M
®(stM, X, N, V)) < M
@(stM, X, N, V)) < N
m(stM, X, N, V) <= XN

= wait @(stM, X, N, V)) <= X =
crit @(stM, X, N, V)) <= Y
wait @(stM, X, N, V))<= X <Y
= crit

Intuitively, we only care whether the processes anesifit or crit mode, whether their
counters are equal to zero, and which counter is greater.

Note that the state predicates in the signature correspqméticates 1-4. Interms
of the notation used abovg; would beiwait and it would be associated tg, g
would beicrit and would be associated t®, andgs andqgs would be2wait and
2crit, associated tgs and@. Now, the abstract rewrite theogga = (Za,Ea,Ra) is
constructed by adding t&:

— Operatorpl : State -> Bool,...,p7 : State -> Bool,togetherwith a new
kind BState and the constructor for abstract states

op bst : Bool Bool Bool Bool Bool Bool Bool -> BState .

This determines the signature morphibimthat maps the constructor operagar
to the term

bst(p1i(stM, X, N, ¥)),...,p7(st(M, X, N, Y)))

— Equations associated pd specifyingg fori =1,...,7. Since predicateg, ...,
correspond to the atomic propositions, their defining dquoatare “the same”:

eq pl(st(wait, X, N, Y)) = true .
eq pl(st(sleep, X, N, Y)) = false .
eq pl(st(crit, X, N, Y)) = false .
eq p2(st(wait, X, N, Y)) = false .
eq p2(st(sleep, X, N, Y)) = false .
eq p2(st(crit, X, N, Y)) = true .

The three remaining equations are also immediate:

eq p5(st(M, X, N, V)) = (X == 0) .
eq p6(st(M, X, N, Y)) = (Y == 0) .
eq p7(st(M, X, N, Y)) = (Y <X) .

— The translation of the rules R by the signature morphishi. In particular, the two
rules introduced before become:

rl bst(pl(st(M, X, sleep, Y)), ..., p7(st(M, X, sleep, Y))) =>
bst(pl(st(M, X, wait, Y)), ..., p7(st(M, X, wait, s(X)))) .
crl bst(pi(st(M, X, wait, Y)), ..., p7(st(M, X, wait, Y))) =>
bst(pi(st(M, X, crit, Y)), ..., p7(st(M, X, crit, Y)))
if Y <X .
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Finally, we have to write the equationsiy defining the atomic propositions in the
abstract model, which is straightforward.

eq (bst(B1, B2, B3, B4, B5, B6, B7) |= lwait) = Bl .
eq (bst(B1, B2, B3, B4, B5, B6, B7) |= lcrit) = B2 .
eq (bst(B1, B2, B3, B4, B5, B6, B7) |= 2wait) = B3 .
eq (bst(B1, B2, B3, B4, B5, B6, B7) |= 2crit) = B4 .

By construction, this model is a predicate abstraction wébpect to the basis
@, - ., @ of the bakery protocol, in which the desired property can beehchecked.

It is worth pointing out that this algebraic method of defmipredicate abstrac-
tions cannot be expressed within the framework of [19], beeahe specification of
the predicateg requires, in general, to introduce auxiliary operatorstiwnog a differ-
ent signaturezp £ 2. Also, the resulting rewrite theorig not executablén general.
This means that it cannot be directly used in a tool like theitéamodel checker [10].
Predicate abstraction can be considered as a particutanoesof our framework of al-
gebraic simulations from a conceptual or foundational poiriew, which is still quite
useful because it provides a justification for the methodiwiour framework. Current
approaches to predicate abstraction do not work directtis thie minimal transition
relation (described in our account Bgp). Instead, they compute a safpproximation
of Za by discharging some proof obligations. We are at presergldping methods to
compute such approximation within our framework using Mealsiéhductive theorem
prover (ITP) [6] as the deductive engine to discharge suobfbligations.

5.2 Afairness example

We illustrate the use of theoroidal (bi)simulation mapseason about fairness. The
treatment can be made for very general classes of rewribeiise and for quite flexible
notions of fairness [18]. Here, we limit ourselves to ilhating some of the key ideas,
including the use of theoroidal maps, by means of a simplenconication protocol
example. Note also that the same idea can be used for thesegpation and study of
labeled transition systems in rewriting logic.

Consider a system consisting of a sender, a channel, an@iaeecrhe goal is to
send a multiset of numbers (in arbitrary order) from the sena the receiver through
the channel. The channel can at any time contain severaéséthumbers. Besides the
normal send and receive actions, the channel may stall dnaaytnumber of times in
sending some data. We can model the states of such a systemslmg of the signature

sndch,rcv: Nat— Conf
null :— Conf
__:Conf Conf— Conf

where the operatar_ (juxtaposition notation) denotes multiset union and fiasshe
equations of associativity and commutativity, and hall as its identity element. For
example, the term

snd7) snd3) snd7) ch(2)ch(3) rev(1) rev(9)
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describes a state in which 3 and two copies of 7 have not yet $&@, 2 and another
copy of 3 are inthe channel, and 1 and 9 have been receivetheRaior of the system
is specified by the following three rewrite rules:

send: sndn) — ch(n)
stall : ch(n) — ch(n)
receive: ch(n) — rcv(n)

wheren is a variable of soriNat Is this system terminating? Not without extra assump-
tions, since thestall rule could be applied forever. To make it terminating it i®egh

to assume the following “weak fairness” property aboutrdeeiverule, described by
the formula

wf-receive= FG enabled-receive» GFtaken-receive

that is, if eventually theeceiverule becomes continuously enabled in a path, then it
is taken infinitely often. Specifying thenabled-receivpredicate equationally is quite
easy (we just need to have some value in the channel) but ¢lefisption of thedaken-
receivepredicate is more elusive. For example, doestéhken-receivgredicate hold

of the state described above? We don’t know; maybe the léishavas receiving the
value 1, in which case it would hold, but it could instead hbeen stalling on 3, or
sending 2, and then it wouldn’t. Here is where a theory tramsétion corresponding to

a theoroidal map, and allowing us to define a bisimilar systdmare thetaken-receive
predicate can be defined, comes in. The new theory extendsbthes signature with
the following new sorts and operators:

sendstall, receivex :— Label
{_| -} : Conf Label— State

that is, a state now consists of a configuration-label padicating the last rule that was
applied. Since initially no rule has been applied, we adddbel for all initial states.
The rules of the transformed theory are now:

send: {conf sndn) |1} — {conf cHn) | sengd
stall : {conf cH{n) |1} — {conf cHn) | stall}
receive: {conf ci(n) |1} — {conf rcyn) | receive

whereconf is a variable of sor€onf andl a variable of sorLabel We can then define
the predicateenabled-sentnabled-receiveandtaken-receivéy the equations

({conf sndn) | I} = enabled-send= true
({conf ch{n) | I} = enabled-receive=true
({conf| receive | taken-receivi= true

Then the fair termination property can be defined by the fatg formula, which
indeed holds in the Kripke structure associated to thisfaamed theory for any initial
state:

A(wf-receive— F(—enabled-send —enabled-receivg .
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Let (Zcomm Ecomm denote the underlying equational theory of our originalrigav
theory, and let % comm Ecomm denote that of the transformed theory (it has the same
equation€Ecomm. We can define a generalized theory morphism

H: (ZLCOmm EComm) — (ZCOmm ECommD

as follows. The sorts, implicit kinds, and operators’ig,mm are mapped identically
to themselves; the soBtateis mapped toConf; and the sort_abel is not mapped
anywhere; the operatdr | _} is mapped to the variableonf of sortConf; finally, the
label constants are not mapped anywhere. Nowjdetonsist of the predicatenabled-
sendandenabled-receivevhich in the original theory are defined by the equations

conf sndn) = enabled-senek true
conf ch{n) = enabled-receive- true.

Then, if CommandLCommdenote our rewrite theoriebl induces a theoroidddisim-
ulation (strict) map of Kripke structures

H: ¢ (LComm Staté)n, — % (Comm[Conf])n, .

Furthermore, in the case b€ommwe can extendlg to 7 by adding théaken-receive
predicate, so that fair termination can be properly spetdied verified.

6 Conclusions

We have argued that a categorical approach to the study pk&structures and their
generalized notion of simulation is very natural, and hd@ this by neatly organiz-
ing them in an institution. Among the many ways that thesgkeistructures and sim-
ulations can be formally specified we have proposed rewrlbgic, which has proved
to be a very flexible framework for this task. Simulations @im several flavors in
rewriting logic and here we have focused on theoroidal mapdave shown how they
can be organized together with rewrite theories in a catethpat reflects that for Kripke
structures, and how they apply to two interesting examglesopen line of research
consists in the study of proof methods and the developmetdadfsupport to prove
simulations correct; some preliminary results are reparng15].
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